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HIGHER GENTLE ALGEBRAS
JORDAN MCMAHON
Abstract. We introduce higher gentle algebras. Our definition allows us to
determine the singularity categories and subsequently show that higher gen-
tle algebras are Iwanaga-Gorenstein. Under extra assumptions, we show that
cluster-tilted algebras (in the sense of Oppermann-Thomas) of higher Auslander
algebras of type A are higher gentle.
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1. Introduction
Gentle algebras were introduced in [2], as a class of the special-biserial alge-
bras introduced in [47]. Specifically, gentle algebras encompass the tilted algebras
of type An and A˜n. Since then, gentle algebras have appeared naturally in many
other contexts; prominent sources include triangulations of surfaces [1], [33], tilings
of surfaces [16] [46], as well as m-Calabi-Yau tilted algebras [17] and Brauer graph
algebras [44]. More general models have been attained recently [3], [38], [41]. Gen-
eralisations of special-biserial algebras and gentle exist in the literature, such as
almost-gentle algebras [25], skew-gentle algebras [21] and special-multiserial alge-
bras [24], [48]. As a natural generalisation of gentle algebras to higher Auslander-
Reiten theory, we define higher gentle algebras in Definition 2.
Gentle algebras are Iwanaga-Gorenstein [20], and their singularity categories
were described by Kalck in [32]. On the other hand, singularity categories for
Nakayama algebras were calculated by Chen-Ye in [13]. Gorenstein-projective
modules were classified for monomial algebras in [12], to some extent unifying
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the previous results. Related descriptions of singularity categories and Gorenstein
projective modules can be found in [10], [14], [15], [34], [35], [43], [45].
The strategy of Chen-Ye is to find simple modules with projective dimension at
most one, and then contract an associated arrow. This follows the work of Chen-
Krause [11], while contractions of subquivers of type A in a path algebra were
considered in [27]. The analysis of the simple modules having projective dimension
at most one is also of interest for the contraction of arrows as a reduction technique
for the finitistic dimension [5], [18], [23], see also the work of Xi on idempotents
and finitistic dimension [49].
The singularity categories of higher Nakayama algebras were classified in [36]. To
extend the strategy for classical Nakayama algebras to higher Nakayama algebras,
the goal is to analyse idempotent ideals rather than simple modules - the role of a
simple module of projective dimension at most one is subsumed by that of a fabric
idempotent. The existence of fabric idempotents allows us to calculate singularity
categories for higher gentle algebras.
Theorem 1.1 (Theorem 3.3). Let A be a d-gentle algebra. There exists a product
of fabric idempotents f such that fAf is a gentle algebra and such that there is an
equivalence of categories
Dsg(A) ∼= Dsg(fAf).
For an algebra Λ of type ~A, any rigid Λ module M gives rise to a gentle algebra
EndΛ(M)
op [46]. This may be generalised.
Theorem 1.2 (Corollary 4.3). Let Λ be a d-Auslander algebra of type ~A and T
a d-rigid Λ-module such that add(T ) ⊆ C ⊆ mod(Λ), where C is the canonical
d-cluster-tilting subcategory. Then EndΛ(T )
op is a d-gentle algebra.
The behaviour of higher cluster-tilting subcategories differs significantly from
that of module categories. For example, the number of simple modules in the d-
cluster-tilting subcategory of the module category of a d-Auslander algebra of type
~A is independent of the value of d. In general, the members of such a d-cluster-
tilting subcategory do not, however, have a filtration by these simple modules.
In this sense, the d-cluster-tilting subcategories a d-Auslander algebra of type ~A
behave like module categories only to some extent; to this same extent we are able
to produce higher gentle algebras.
For the following result, let Adn be the d-Auslander algebra of type
~An with
C ⊆ mod(Adn) the canonical d-cluster-tilting subcategory and OAdn the (d + 2)-
angulated cluster category of Adn.
Proposition 1.3 (Corollary 4.5). Let S be a semisimple Adn-module in C such that
ExtdAdn(S, S) = 0. Let P be a basic projective A
d
n-module such that Ext
d
Adn
(S, P ) = 0
and set T := P ⊕ τ−1d (S). Then EndOAdn
(T )op is a d-gentle algebra.
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If T is tilting as an Adn-module, then the algebra EndOAdn
(T )op is a cluster-
tilted algebra in the sense of Oppermann-Thomas. Unfortunately it is not always
true that cluster-tilted algebras (in the sense of Oppermann-Thomas) of higher
Auslander algebras of type A are higher gentle, and we provide a counterexample
in Section 5.
2. Background
Consider a finite-dimensional algebra A over a field k, and fix a positive integer
d. We will assume that A is of the form kQ/I, where kQ is the path algebra over
some quiver Q and I is an admissible ideal of kQ. For two arrows in Q α : i→ j
and β : j → k, we denote their composition as βα : i → k. Let Aop denote the
opposite algebra of A. An A-module will mean a finitely-generated left A-module;
by mod(A) we denote the category of A-modules. The functor D = Homk(−, k)
defines a duality; let Ω be the syzygy functor and set τd = τ ◦ Ω
d−1 to be the
d-Auslander-Reiten translation [28, Section 1.4]. For an A-module M , let add(M)
be the full subcategory of mod(A) composed of all A-modules isomorphic to direct
summands of finite direct sums of copies of M . A subcategory C of mod(A) is
precovering if for any M ∈ mod(A) there is an object CM ∈ C and a morphism
f : CM →M such that for any morphism X →M with X ∈ C factors through f ;
that there is a commutative diagram:
X
CM M
∃
f
The object CM is said to be the right C-approximation of M . The dual notion
of precovering is preenveloping. A subcategory C that is both precovering and
preenveloping is called functorially finite. For a finite-dimensional algebra A, a
functorially-finite subcategory C of mod(A) is a d-cluster-tilting subcategory [28,
Definition 2.2] [31, Definition 3.14] if it satisfies the following conditions :
C = {M ∈ mod(A)|ExtiA(C,M) = 0 ∀ 0 < i < d}.
C = {M ∈ mod(A)|ExtiA(M, C) = 0 ∀ 0 < i < d}.
If there exists a d-cluster-tilting subcategory C ⊆ mod(A) and gl.dim(A) ≤ d, then
A is d-representation finite in the sense of [30]. The dominant dimension of A,
dom.dim(A), is the number n such that for a minimal injective resolution of A:
0→ A→ I0 → · · · → In−1 → In → · · ·
the modules I0, . . . , In−1 are projective-injective and In is not projective. The class
of d-representation-finite algebras were characterised by Iyama as follows.
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Theorem 2.1. [29, Proposition 1.3, Theorem 1.10] Let A be a finite-dimensional
algebra with the property that gl.dim(A) ≤ d. Then there is a unique d-cluster-
tilting subcategory C ⊆ mod(A) if and only if
dom.dim(EndA(M)
op) ≥ d+ 1 ≥ gl.dim(EndA(M)
op)
where M is an additive generator of the subcategory
C = add({τ id(DA)|i > 0}) ⊆ mod(A).
Following Theorem 2.1, let Γ be a finite-dimensional algebra satisfying
gl. dim.(Γ) ≤ d+ 1 ≤ dom. dim.(Γ)
for some positive integer d ≥ 1. Then Γ is said to be a d-Auslander algebra. An
algebra A is called an n-Iwanaga-Gorenstein algebra if it satisfies the following
axioms:
(1) inj.dimA(A) ≤ n,
(2) proj.dimA(DA) ≤ n.
An A-module M is said to be Gorenstein projective (also referred to as maximal
Cohen-Macaulay in the literature, most notably in [6]) if ExtiA(M,A) = 0 for all
i > 0. The class of Gorenstein projective modules is denoted GP(A). Likewise,
define a moduleM to be Gorenstein injective if ExtiA(DA,M) = 0 for all i > 0, and
denote by GI(A) the class of Gorenstein injective modules. For further information
about Gorenstein homological algebra, we refer to [8].
Let Db(A) denote the bounded derived category of mod(A). A complex of A-
modules is said to be perfect if it is isomorphic in Db(A) to a finite complex of
finitely generated projective A-modules. This gives a full subcategory of Db(A),
denoted by Dbperf(A). The singularity category Dsg(A) is defined as the Verdier
quotient of Db(A)/Dbperf(A) [6] [40]. The following theorem is a classical result of
Buchweitz.
Theorem 2.2. [6, Theorem 4.4.1] Let A be an n-Iwanaga-Gorenstein algebra.
Then there is an equivalence of (triangulated) categories:
GP(A) ∼= Dsg(A).
2.1. Tilting theory and (d + 2)-angulated categories. Let A be a finite-
dimensional algebra. An A-module T is a pre-d-tilting module [26], [37] if:
(1) proj.dim(T ) ≤ d.
(2) ExtiA(T, T ) = 0 for all 0 < i ≤ d.
Then T is in addition d-tilting if there exists an exact sequence
0→ A→ T0 → T1 → · · · → Td → 0
where T0, . . . , Td ∈ add(T ). The importance of tilting modules is highlighted by
the following theorem:
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Theorem 2.3 (Happel). [26] Let A be a finite-dimensional algebra, T a d-tilting
A-module and B := EndA(T )
op. Then the derived functor RHomA(T,−) induces
an equivalence of triangulated categories
Db(A)→ Db(EndA(T )
op).
The concept of a (d + 2)-angulated category was introduced by Geiss-Keller-
Oppermann in [22]. We refer there, as well as to [4], for a definition.
Theorem 2.4. [22, Theorem 1] Let Λ be a d-representation-finite algebra with
d-cluster-tilting subcategory C ⊆ mod(Λ). Then there exists a (d + 2)-angulated
category UΛ with d-suspension functor Σ
d and inverse d-suspension functor Σ−d.
Any d-exact sequence in C
0→ Md+1 → · · · → M1 → M0 → 0
induces a (d+ 2)-angle in UΛ
Md+1 → · · · →M1 → M0 → Σ
d(Md+1).
The functor τd acts on C, and induces a functor Sd in UΛ. Oppermann-Thomas
[39, Definition 5.22] defined the (d + 2)-angulated cluster category of Λ to be the
orbit category
OΛ := UΛ/Σ
−d(Sd).
Theorem 2.5. [39, Theorem 5.2(1)] Let Λ be a d-representation-finite algebra with
d-cluster-tilting subcategory C ⊆ mod(Λ). Then OΛ is a (d+2)-angulated category
with d-suspension [d]. The isomorphism classes of indecomposable objects of OΛ
are in bijection with the indecomposable direct summands of M ⊕ Λ[d], where M
is an additive generator of C.
The concepts of rigid and cluster-tilting objects can be extended to the language
of (d+ 2)-angulated categories.
Definition 1. [39, Definition 5.3] Let OΛ be the (d+2)-angulated cluster category
of Λ with d-suspension [d]. An object T ∈ OΛ is d-rigid if
HomOΛ(T, T [d]) = 0.
A d-rigid object T ∈ OΛ is a Oppermann-Thomas cluster-tilting object if any
X ∈ OΛ occurs in a (d+ 2)-angle
X [−d]→ Td → · · · → T1 → T0 → X
with Ti ∈ add(T ) for all 0 ≤ i ≤ d. The endomorphism algebra EndOΛ(T )
op is
called a Oppermann-Thomas cluster-tilted algebra.
Tilting and Oppermann-Thomas cluster-tilting objects are related as follows.
Theorem 2.6. [39, Theorem 5.5, Theorem 5.37] Let Λ be a d-representation-
finite algebra with canonical d-cluster-tilting subcategory C ⊆ mod(Λ). Let T be a
d-tilting Λ-module so that add(T ) ⊆ C. Then
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(1) T is an Oppermann-Thomas cluster-tilting object in OΛ.
(2) There is a d-cluster-tilting subcategory D ⊆ mod(EndOΛ(T )
op).
3. Higher gentle algebras
An algebra A = kQ/I is special biserial if
(1) Each vertex of Q has at most two arrows starting from it.
(2) Each vertex of Q has at most two arrows ending at it.
(3) For each arrow α ∈ Q1, there is most one arrow β such that αβ /∈ I.
(4) For each arrow γ ∈ Q1, there is most one arrow β such that βγ /∈ I.
If moreover A satisfies
(1) The ideal I is generated by paths of length at most two.
(2) For each arrow α ∈ Q1, there is most one arrow β such that αβ ∈ I.
(3) For each arrow γ ∈ Q1, there is most one arrow β such that βγ ∈ I.
then A is said to be gentle. In other words, on either side of each arrow in Q there
is at most one arrow such that the composition with this arrow is in I, and at most
one such that the composition is not in I. We are interested in generalising special-
biserial algebras in the following fashion, the difference between this generalisation
and that of special-multiserial algebras is that we allow a plentiful amount of
commutativity relations, but fewer zero relations.
An algebra A = kQ/I contains an m-cube if there is a collection of paths
between vertices x and y in the quiver of A such that the underlying graph is
an m-dimensional cube and any two paths defining a square face in this m-cube
commute in A. For each arrow β ∈ Q1, then an arrow α ∈ Q1 is a strong successor
of β in A if s(α) = t(β), neither αβ ∈ I nor are there are arrows α′ and β ′
and a relation αβ − α′β ′ ∈ I. In this case β is also a strong predecessor of α in
A. Consider an algebra A = kQ/I satisfying the following conditions, which we
consider to some extent as a replacement the special-biserial conditions.
(A1) Each vertex of Q has at most d arrows starting from it.
(A1’) Each vertex of Q has at most d arrows ending at it.
(A2) For each arrow α ∈ Q1 there is at most one strong successor β ∈ Q1 of α
in A.
(A2’) For each arrow β ∈ Q1 there is at most one strong predecessor α ∈ Q1 of
β in A.
(A3) Let α ∈ Q1 be an arrow with strong successor β. Then for any 1 < m < d
and any set of m arrows βi indexed by 1 ≤ i ≤ m such that s(βi) = t(α)
and βiα /∈ I for all 1 ≤ i ≤ m, there is a unique (m + 1)-cube containing
β and all βi.
(A3’) Let α ∈ Q1 be an arrow with strong predecessor β. Then for any 1 < m < d
and any set of m arrows βi indexed by 1 ≤ i ≤ m such that s(α) = t(βi)
and αβi /∈ I for all 1 ≤ i ≤ m, there is a unique (m + 1)-cube containing
β and all βi.
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Figure 1. The four configurations whereby two zero relations sand-
wich a commutativity relation
· ·
· ·
· ·
α2γ
β1
β2
α1 δ
· ·
· ·
· ·
α2
γ
β1
β2
δ
α1
· · · ·
· ·
α1
β1
γ
β2
α2
δ
· ·
· · · ·
α1
γ
α2
δ
β1
β2
(A4) The ideal I is generated by paths and commutativity relations of length
two.
We say that two zero relations βiαi ∈ I, i ∈ {1, 2}, sandwich a commutativity
relation if there exist arrows γ, δ ∈ Q1 satisfying any of the diagrams in Figure 1.
Definition 2. An algebra A = kQ/I satisfying axioms (A1)-(A4) is (d − 1)-pre-
gentle if it satisfies the following additional axioms:
(E1) For each arrow α ∈ Q1, there is at most one arrow β such that αβ ∈ I.
(E2) For each arrow γ ∈ Q1, there is at most one arrow β such that βγ ∈ I.
(E3) There exists no commutativity relation that is sandwiched by zero relations.
(E4) For every idempotent e of A, then eAe satisfies axioms (E1)-(E3).
Finally, an algebra B is (d− 1)-gentle if:
(1) There is a (d−1)-pre-gentle algebra A and an idempotent e of A such that
B ∼= eAe.
(2) For every idempotent f of B, then the quiver of fBf contains no d-cube.
A 1-gentle algebra is simply a gentle algebra. The axiom forbidding any sand-
wiching by zero relations should be thought of as a replacement for having no zero
relations of length greater than two. For any gentle algebra A and any idempotent
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e of A, then also eAe is gentle. Once we introduce commutativity relations, we
need some other means by which to control the length of zero relations - this is
achieved by forbidding the sandwiching of a commutativity relation by zero rela-
tions. Nevertheless, as we shall see in Example 1, this is the condition that would
make the most sense to relax.
For studying d-gentle algebras, it is helpful to start with the notion of a localis-
able object. Localisable objects were introduced in [11]: the name stems from the
localising subcategories studied by Geigle and Lenzing in [19, Section 2].
Definition 3. Let A be a finite-dimensional algebra. Then an object S ∈ mod(A)
is a localisable if:
• the module S is simple,
• proj.dimA(S) ≤ 1, and
• Ext1A(S, S) = 0.
Every localisable object S can be expressed as S ∼= A/〈f〉 for some idempotent
f in A, since Ext1A(S, S) = 0. This was generalised in the following sense in [36]:
Definition 4. Let A be a finite-dimensional algebra and e, f idempotents of A.
Then f is an fabric idempotent of A with respect to e (or simply f is a fabric
idempotent) if:
• the idempotent f satisfies proj.dimA(A/〈f〉) ≤ 1.
• For every projective A/〈f〉-module P , the module τA(P ) is injective as an
A/〈e〉-module.
• For every injective A/〈e〉-module I, the module τ−1A (I) is projective as an
A/〈f〉-module.
Theorem 3.1. [7, Theorem 2.1] [9, Corollary 3.3][42, Theorem 5.2] Let A be a
finite-dimensional algebra and f an idempotent of A. Then there is an equivalence
Dsg(A) ∼= Dsg(fAf)
if and only if the algebra A satisfies proj.dimfAf (fA) <∞ and proj.dimA(M) <∞
for all modules M ∈ mod(A/〈f〉).
Fabric idempotents are useful because of the following corollary.
Corollary 3.2. [36, Corollary 3.7] Let A be a finite-dimensional algebra with fabric
idempotent f . If in addition gl.dim(A/〈f〉) <∞, then there is an equivalence
Dsg(A) ∼= Dsg(fAf).
By design, we obtain the following result.
Theorem 3.3. Let A be a d-gentle algebra. Then there exists an idempotent f
such that f is a product of fabric idempotents, fAf is a gentle algebra and there
is an equivalence of categories
Dsg(A) ∼= Dsg(fAf).
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Proof. We first prove the result for d-pre-gentle algebras. The proof is similar to
the case for higher Nakayama algebras [36, Theorem 4.4]. Suppose there are four
vertices a, b, c, d ∈ Q0 and non-zero paths w1, w2, w3, w4 in Q as follows:
a b
c d
w1
w3 w2
w4
Suppose that there does not exist a surjective morphism Ib ։ Ia. Then there is a
vertex x and a path wx : x→ a such that w1wx ∈ I as in Figure 2.
Figure 2. The case of a commutative square with no surjection
Ib ։ Ia.
x
a b
c d
wx
w1
w3 w2
w4
There must be an inclusion Pc →֒ Pa, otherwise suppose there is a vertex g and
an path wg : c→ g such that wgw3 ∈ I:
x
a b
g c d
wx
w1
w3 w2
wg
w4
Then we obtain the following forbidden diagram:
x
g c d
w3wx
wg
w4
Secondly, there must be an inclusion Pd →֒ Pc, otherwise there is a vertex h and a
path wh : d→ h such that whw4 ∈ I. This implies a sandwiching by zero relations:
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x
a b
c d
h
wx
w1
w3 w2
w4
wh
So there must be injective morphisms Pd →֒ Pc and Pc →֒ Pa. Define the module
M := coker(Pd → Pc), and choose the smallest idempotent f of A such that
M ∈ proj(A/〈f〉). Then f is a fabric idempotent by [36, Proposition 3.2]. Since
there is an inclusion Pc →֒ Pa, there cannot exist a cycle containing c, and similarly
nor any other vertex supported by M . This implies that gl.dim(A/〈f〉) ≤ ∞.
Hence Corollary 3.2 implies that Dsg(A) ∼= Dsg(fAf).
A similar argument can be made if there does not exist a surjective morphism
Ib ։ Ia, and a dual argument may be made if there exists neither an injective
morphism Pd →֒ Pc nor an injective morphism Pc →֒ Pa.
Since zero relations are of length two, we may remove all commutativity relations
for A as above, and this will not result in any zero relations of length greater than
three (compare with Figure 2 without vertex c). Hence we are reducing to a d-
gentle algebra whose singularity category is equivalent to that of A, and that has
no commutativity relations and no zero relations of length greater than two. In
other words a gentle algebra.
Now suppose we have an arbitrary d-gentle algebra eAe (where A is a d-pre-
gentle algebra), and a zero relation of length greater than two. It should be easily
seen that any such relation may only occur if there were a series of commutativity
relations in A neighbouring a relation of length two, one case of which is presented
in Figure 2. Consider the case of Figure 2, and assume e = ex+ ea+ ec+ ed. So we
see that our construction is precisely compatible for d-gentle algebras - we obtain
fabric idempotent f = ex + ea + ed of eAe, which is now a relation of length two.
So by applying this reduction technique as above then we again arrive at a gentle
algebra. 
Singularity categories for gentle algebras were described in [32], hence we may
also describe the singularity category of any d-gentle algebra. Singularity cate-
gories are especially interesting for Iwanaga-Gorenstein algebras, because of The-
orem 2.2. The following result generalises the main theorem of [20].
Corollary 3.4. Any d-gentle algebra is Iwanaga-Gorenstein.
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Proof. Given a d-gentle algebra A, consider an infinite projective resolution (as a
complex) of some injective A-module I
· · · → Pn → · · · → P1 → P0 → 0.
By Theorem 3.3, there is a product of fabric idempotents f , such that fAf is
gentle. Since f is a product of fabric idempotents, neither I nor Ωi(I) are in
mod(A/〈f〉) for any i ≥ 1. Applying the functor HomA(Af,−) induces the exact
sequence of projective fAf -modules
· · · → fPn → · · · → fP1 → fP0 → 0.
This is an infinite projective resolution of the injective fAf -module fI, and so
fI has infinite projective dimension. Since fAf is gentle and hence Iwanaga-
Gorenstein, this is a contradiction. 
4. Tilted algebras of higher Auslander algebras of type ~A
Following the notation of Oppermann-Thomas [39, Definition 2.2], define the
sets
Idm := {(i0, . . . , id) ∈ {1, . . . , m}
d+1|∀x ∈ {0, 1, . . . , d− 1} : ix + 2 ≤ ix+1},
	Idm := {(i0, . . . , id) ∈ I
d
m|id + 2 ≤ i0 +m}.
Given two increasing (d + 1)-tuples of real numbers X = {x0, x1, . . . , xd} and
Y = {y0, y1, . . . , yd} , then X intertwines Y if x0 < y0 < x1 < y1 < · · · < xd < yd.
Denote by X ≀Y if X intertwines Y . A collection of increasing (d+1)-tuples of real
numbers is non-intertwining if no pair of elements intertwine (in either order).
In [29], Iyama describes an inductive construction of an (i+1)-Auslander algebra
from an i-Auslander algebra. In particular, for the path algebra of type ~An, a d-
Auslander algebra may be constructed, we call this algebra Adn. As part of this
construction, the category mod(Adn) has a canonical d-cluster-tilting subcategory,
and it is unique by Theorem 2.1. By [39, Theorem 3.4], the indecomposable
modules in this d-cluster-tilting subcategory, as well as the vertices of the quiver
of Ad+1n may be labelled by I
d
n+2d. The quiver of A
2
4 is as follows:
13 24 35 46
14 25 36
15 26
16
The quiver of A34 is as follows:
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135 146 157 168
136 147 158
137 148
138
246 257 268
247 258
248
357 368
358
468
For each I ∈ Idn+2d, denote byMI the object of the aforementioned d-cluster-tilting
subcategory, and let M be an additive generator of the subcategory. Then there
is a combinatorial description of tilting Adn-modules.
Theorem 4.1. [39, Theorem 3.6(4), Theorem 4.4] Let I, J ∈ Idn+2d. Then
ExtdAdn(MI ,MJ) 6= 0 ⇐⇒ J ≀ I. Moreover, there are bijections between
• triangulations of the cyclic polytope C(n + 2d, 2d).
• non-intertwining collections of
(
n+d−1
d
)
(d+ 1)-tuples in Idn+2d.
• isomorphism classes of summands of AdnM which are tilting modules.
We refer to [39] for a definition of cyclic polytopes, as this is beyond the scope
of this article.
Theorem 4.2. [39, Lemma 6.6, Proposition 6.1, Theorem 6.4] Consider the d-
representation-finite algebra Adn, and OAdn, the (d + 2)-angulated cluster category
of Adn. Then:
(1) the indecomposable objects of the (d+2)-angulated category OAdn are indexed
by 	Idn+2d+1.
(2) HomO
Adn
(MI ,MJ [d]) 6= 0 ⇐⇒ I ≀ J or J ≀ I.
(3) Triangulations of the cyclic polytope C(n+2d+1, 2d) correspond bijectively
to basic Oppermann-Thomas cluster-tilting objects in OAdn.
The following result may now be obtained.
Corollary 4.3. Let T be any d-rigid Adn-module in C, where C ⊆ mod(A
d
n) is the
canonical d-cluster-tilting subcategory. Let B = EndAdn(T )
op. Then B is a d-gentle
algebra.
Proof. Let T be a d-rigid Adn-module in C. By Theorem 4.2, this corresponds to
a set I of non-intertwining subsets of Idn+2d. It is clear that A
d
n is d-pre-gentle.
Let e be an idempotent of Adn corresponding to I, then eA
d
ne
∼= B. Finally, eAdne
contains no d-cube, owing precisely to the d-rigid condition. 
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We show that in some cases Oppermann-Thomas cluster-tilted algebras of type
Adn are d-gentle. Let 1 ≤ i < n, and let the subset given by {i, i+2, . . . , i+2(d−1)}
(modulo n) be denoted by Ii.
Proposition 4.4. Let I ⊂ {1, 2, . . . , n} be a subset such that i, j ∈ I implies
i 6= j + 1(mod n). Let
T =
⊕
x∈	Id−1
n+2d−1
x 6=Ii for any i∈I
Px ⊕
⊕
i∈I
τ−1d SIi.
Then T is a d-tilting Adn-module, and B := EndOAdn
(T )op is a d-gentle algebra.
Proof. By [28, Theorem 2.3.1], for any algebra Λ with global dimension d and any
two Λ-modules M and N , there is an isomorphism
HomΛ(M, τd(N)) ∼= Ext
d
Λ(N,M).
So ExtdAdn(T, T )
∼= HomAdn(T,⊕i∈ISIi) = 0. Observe that τ
−1
d SIi
∼= SIi−1 . It is
straightforward to see for any i ∈ I that there is an exact sequence:
0→ PIi → Pi−1,i+2,i+4,...,i+2d−2 → Pi−1,i+1,i+4,...,i+2d−2 → · · · → PIi−1 → SIi−1 → 0
and hence T is a d-tilting module.
Let I be as above, and let A be the algebra EndO
Adn
(Adn
⊕
i∈I τ
−1
d SIi)
op. By
construction, the zero relations are determined by the Ii for 1 ≤ i ≤ n, and it
can be easily seen that there can be no sandwiching by zero relations. Since every
relation in A is of length two, A is a d-pre-gentle algebra. By definition, there is
an idempotent e such that B = eAe, and since T is d-rigid there can be no d-cube
in B. 
More generally, we may state the following.
Corollary 4.5. Let C ⊆ mod(Adn) be the canonical d-cluster-tilting subcategory and
let S be a semisimple Adn-module in C. Suppose that Ext
d
Adn
(S, S) = 0 and let P be
a basic projective Adn-module such that Ext
d
Adn
(S, P ) = 0. For T ′ := P ⊕ τ−1d (S),
the algebra EndO
Adn
(T ′)op is d-gentle.
Proof. Let I ⊂ {1, 2, . . . , n − 1} be a subset such that i, j ∈ I implies i 6= j +
1(mod n). There is a bijection between such subsets and semisimple non-projective
Adn-modules in C such that Ext
d
Adn
(S, S) = 0. Let T be defined as in the statement of
Proposition 4.4, then EndO
Adn
(T )op is a d-gentle algebra. So choose any projective
module P such that ExtdAdn(S, P ) = 0. Then there must be an idempotent e such
that
EndO
Adn
(T ′)op = eEndO
Adn
(T )ope
and this must determine a d-gentle algebra. 
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5. Examples
Consider the non-intertwining collection of 3-tuples in 	I210
I := {135, 136, 137, 138, 139, 147, 148, 149, 157, 158, 159, 169, 179, 357, 579}.
Then I corresponds to an Oppermann-Thomas cluser-tilting A25-module T by The-
orem 4.1 and Theorem 4.2. The algebra of B := EndO
A2
5
(T )op is as follows.
135
357
157
579
179
136 147 158 169
137 148 159
138 149
139
This is a 2-gentle algebra in the setting of Proposition 4.4. The proof of Theorem
3.3 shows that the singularity category of B is equivalent to that of the following
gentle algebra:
135
357
157
579
179
136 147 158 169
It is unfortunately not true that for every tilting Adn-module T , the algebra
EndO
Adn
(T )op is d-gentle. Nevertheless, this does not mean that singularity cate-
gories for such algebras are difficult to calculate.
Example 1. An example is the following algebra A, which corresponds to the
maximal non-intertwining collection
I := {135, 136, 137, 138, 148, 158, 168, 357, 358, 368}
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1
5 8
10
2
6
9
3 7
4
Then it may be calculated that A is 2-Iwanaga-Gorenstein, but not 2-gentle; there
is a sandwiching by zero relations:
8
10
2
6
9
7
The algebra A has singularity category:
2
3
4
7
9
10
6
8
1
2
3
4
7
9 10
8
2
3
4
7
9
6 10
8
8 1
2
where the dotted lines denote the Ω orbit, and the composition of any two arrows
is zero.
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